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Module: Physics 3

Exercise 1:

Determination of the angular frequency of the system:
According to the fundamental relation of dynamics
(The equation of motion from Newton's law is)

Zﬁ=m)7

The system at rest, thus in equilibrium, we have:
YF=0 = F+T=
(tension T or restoring force (F.)

= mg — kAl =0, Al = Spring elongation

_mg
= k= Al

mg = kAl

The Lagrangian : L=T-V

2

Kinetic energy of the system : \T'= %mx

Potential energy of the spring .,V = ikx2

1 1
=
2 2

d <6L> ((’)L) _ 0
dt \ox ox)

d(éL)_d[(’)(l _2>_
dt\ax) " aelax\2™ )1 T

daL 6(1

The Lagrange equation:

dt

&zax 2

= m¥+kx=0

= Xi+—x=0
m

L=-mx?—-kx?

0

——ka) = —kx
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i (mx) = mx



k
¥+ wix=0

m
the angular frequency wo = |- == 5= |-—a-=0=3

= wy = 3549 rad/s

Exercise 2:
For a harmonic oscillator:

x(t) = Acos( wot + @)
With A as the amplitude and the angular frequency w,

Wy = —
0 m

1 1 .1 1
Emechanical =T+V = Ekxz + mez = EkAZ = —mwoAz

2
2E
A= -
mwg
A= 0,224m
Exercise 3:
a) The mass m of the solid.
k k 48
w = 8nad/s = w? = —=m=—=_== 0.75kg

b) The amplitude of the motion..

1
Em = Ec + Ep = 5 kxf, = 0.24

2
X2 = E0'24 = 0.01,x,, = 0.1m = 10cm

¢) The maximum velocity of the oscillator.
X = X, Sin (8t — m)
X = 8xx,, cos (8t —m)
v, = 8x10 = 80cm/s
d) The elongation of the oscillator for which the potential energy is equal to half of the kinetic
energy.
En=E. +E,==024
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1
Em = Ec +5Ec == 024

1
Ec+5E. =024, 3E; =2x024 =048

1
E. =5048=0.16

1 1 1
E.= Emvz = Em(8xxmco s(8t—m))? = EO.75X64xx,2n(co s(8t—m))? =0.16

Xm = +8,16 cm
e) The components of velocity and acceleration at this point.
v, = X = 8xx,, cos (8t —m)

v, = ¥8x0.0816 = F0.65m/s

Yy = X = 64xx,, sin (8t — m)

Ve = F64x0.0816 = F5.22m /5>

Exercise 4:
k . .
w%:;:L} at =0, x0=20m,x0=8cm/s _l

The resulting motion is : x(t) = Acos(wyt+'¢)

k
such that wy = \g =V4 =2rad/s

at=0 ona: x(0).=Acosp =2 .. e vev v e (1)
x(t) = —Awsin(wyt + @)
x(0) = —Awysing =8 ... .. ... (2)
(2) —Awpsing -8 -4 -4
L= T = _gptang = —=4=tanp = — = — = —2
@ Acosgp @otany ==, e Wo 2

= @ =-63,43°=—-1,10rad

Acosp =2 = A= =447 cm

cosQ
x(t) = 4,47cos(2t — 1,10) (cm)
The maximum acceleration: ¥(t) = —Awg?cos(wyt + @)

Alors ¥4, = |—Awg?| = 4,47 X 2?2 = 17,88 cms™2



Exercise 5:
The equivalent stiffness constants keq

a) Springs in parallel :

"
.
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P
Springs 1 and 2 are subjected to tension or restoring forces T ﬁr@‘i (F,,) respectively,
defined by:
fl = klAli) et TZ = szl

Al=1-1,
At equilibrium, we have: ‘b,
+T,+T
After projection onto the axis of mo have:
- Tl - TZ = 0

W —kyx =0=mg = kyx + kyx
= mg = (ky + ky)x = kegx
ith k.q = k4 + k, for the parallel system.

b) Springsdn series :
Le ’2&40 be the unstressed lengths of springs 1, 2, and the equivalent spring, and A

Aly, Alp and A1 their respective elongations, as shown in the figure below

K1 g los - -,
= b T, l1 .
Af .,
I A Al ¢y Keq ol I
A =4
ko lo2 é:
I/ - I ()
v T, . ::‘ o
At point A, the tensions are equal: 1 T=T
P g Al +AL A1l U 2
vy \ 4




Tl == TZ - klAll == szlZ pee e aen wes was (1)
Where All = ll - 101

AL, =1, =,
At point B, at equilibrium, we have:
{ mg = k,Al,
Al = Al + Al,
According to equation (1), we find:
o A=X2p A= (E+ 1)A12
k4 k4
= Al, = ( k1 )Al
ki+k,

By substituting this expression into the equilibrium equation; we obtain:

m =k< fa )Alz(k1k2 )Al
=%\ +k, k. + K

kik
= keqg = k :_ ;fz forthe series system
1 1 N 1
or f—=-—+—
keq kl k2

Analogy with equivalent capacitances Ceqwf capacitors: it is known that for capacitors in

- 1 1 . .
series — = Zic_ and for capaeitogs.in parallel :C., = ¥; C;
eq i

The calculation of the equivalent, capacitance in an electrical oscillator is analogous to the

calculation of the’eguivalent stiffness in a mechanical oscillator.

Exercise 6:

Determination of k, as a function of k; : (k;,m; = m)

L=T-V
1 1
L =§m1x2 —Eklx2

d <6L> 6L> _0
dt \9x <6x B

d@Ly droa N _d, .
i (57) = G laz (Gm?) | = g omd) = mux
oL 9 1. \_
5 = 3 (g )‘ ki



$m1x+k1x=0

.
= ¥+—x=0
my

= w? = — = w; = |—~ Thenatural frequency

-A second spring is added in series with the first spring
1
(keq' m1) — Wy = §w1

According to the previous answer, we find the following differential equation:

k
e
+—qx =
m1
. k k
with wi=A=w,= |4
mq mq

The equivalent spring constant k., in the series system is:

K = kik,
U ky +ky
Ryl
= w; = kl":l_lkZ

We have : w, =50 = w3 = Zw%

kk, 1 1k
ki +k, m; 4m

:k1+k2:4‘k2

— kl = 3k2
= kz = §k3
Exercise 7 :
The Lagrangian of the system:
L=T-V

The Kinetic energy of the system is given by:

11
T=TM+Tm=§MvM+Emv,§l

_dO4

O =g =M




=T, = leZ = — Mx?
M= M ™9

_ﬁﬁ_ﬁ{mq;@)
Ym =T T dt *

(). wa( )

- d - . -
= Uy = (xT + IsinB7 — lcosO)) =

= %7+ 10cosOT + 10sin0] = (% + 10cosO)T + 10sind]
vZ = x?+ y?
v2 = (% + 10cos0)” + (18sind)” = %% + 1262cos20 + 2x10cosg +42625in20
We have : cos?0 + sin*6 =1
= v3 = %2 + 1262 + 2x10cosb
1

1 : :
T = 5mviy = Em(a‘c2 + 120%.4,2%16¢050)

1 1 . ;
=T, = mez + Emlzé?2 + mxl6cos6

T = T,y T,
1 o1 N1l -
T = EMx2 + mez + Emlzez + mxlOcosO

1 1 . .
T = E(M +m)x%+ Emlzez + mxl8cosb

The potential energy of the systentis;

V=Vy+V,
1
VM =§kx2
V. = mgh
cos@=;=>L—h=Lc059

wehave :
= h=L—LcosO = L(1— cosh)
=V, = mgL(1 — cosH)
V=Vy+V, = %kx2 + mgL(1 — cos6)
L=T-V

1 1 . . 1
= L= E(M + m)x?% + Emlzez + mx10cos6 — Ekx2 —mgL(1 — cos)



Note:
This system has two independent variables x and 6 = a system with two degrees of freedom.
To derive the differential equation, it will be necessary to apply the Lagrange equations for

a e .

Exercise 8:

Determination of the angular frequency of the oscillatory motion:
L=T-V

The kinetic energy :

T = Teransiation + Trotation
1 1 .
T =— .2 - 02
> mx- + > ]
With J as the moment of inertia,

Wehave:x=R6$5c=R9:9=§

0, %
=T=§mx +§ ﬁ
1 2
=>T=E(m+ﬁ>x
The potential energy :
V =—-kx?

A1 GO R - o ) o )

6L_6< 1k 2)_ I
dx Ox 2 )= X
I\. Ix = 0
m+ﬁ X+ kx =
= X+ k 0
X+—m——x=
J
(m+R2)



ke
(m+72)

1
For a cylinder, the moment of inertia is given by | = EmR2

= w =

2k

So: w= 3Im The natural angular frequency of the system

Exercise 9:

Determination of the equation of motion:
L=T-V

The kinetic energy :

T = tmiz 4262
—me 2]

Wehave:x=R6$5c=R9:9=§

So
1 J
T = E (m + ﬁ)xz
-The potential energy :
V =—-kx?
-Lagrangian :
— 1 ] 2 1 2
L—Z(m+R2>x ka

So, the Lagrange equations are:

d (0L oL
250~ (52) =0
drao 1 0
il G (m )] = 5l (m+ )] = (m+5)
i(—lkxz> = —kx
2
Therefore, the differential equation of motion is written as:

(m+%>5c’+kx=0



k

= x+ —]x =0
(m+ Rz
With a natural angular frequency: w, = 7 k
pgzTm
The solution to the differential equation is of the form:
x(t) = Acos(wot + @)
Wehave: at t=0s — x(0) =4cm et x(0) =0
x(att =0) = Acosp = 4cm (1)
x(t) = —Awgysin (wet + @)
x(0) = —Awysing =0
—Awy # 0= sing =0
=¢p=0
(1) = Acos0 = 4cm
= A =4cm
Therefore, we can write the equation of motion as:
\
x(t) = Acos(wgt) =v4-cos | 7 k t | (cm)

Exercise 10 :

Both the Lagrangian and energy.conservation methods are equally valid and must be accepted
as correct solutions

k
N
. S YY) 1)
N\

First method: Lagrangian Mechanics Analysis

Generalized Coordinate: Angular displacement 0 of the disc.
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The kinetic energy of the system (T):

e Rotational kinetic energy of the disc:

1 52
Taisc = Eldisce

o Translational kinetic energy of the mass m:
Mass m translation at B’, x = 16, so its velocity is ¥ = ré. Thus:

Ty = %m (r6)? = %mrzéz

o Total kinetic energy:

1 . 1 . 1 . 1 .
KE =T = Tdisc+Tm = Eldiscé?z + Em (T'Q)Z = Eldiscez + Emrzez

Potential Energy (V):
o Elastic potential energy of the spring:
Spring elongation at A’, x = a6, so its potentialyenergy is:
PE =V =V, =~k (a8)? = - ka?6?

o The Lagrangian is defined as:

Substitute T and V

L=T—V == Zlgs0? +5mr20% %= ka?6>
The Euler-Lagrange equation is:

4oLy % _
dt \ao 90

9L ML :

55 55— Uaisk + mr?)0

a (oL\ d (oL "
@) 2 (55) = Uase + mr)d
aL' a_L — 2
%' 20 = ka-0

Equation of Motion:
(lgisc + mr?2)0 — (— ka?0) = 0

The equation of motion is:  (Igjsc + mr?)8 + ka?6 =0

11



Simple Harmonic Motion:

ka

Id15c+mr

ka
“Mr2+m

__ka®
where: w, = (Natural frequency)
IdlSC+mr2 Mr +mr2

Second method: Energy Conservation

b+ ( )9_0=>9+< >e_o=>e+w,%9_0

The kinetic energy of the system (T):

¢ Rotational kinetic energy of the disc:

_1 )2
Tdisc = Eldisce

¢ Translational kinetic energy of the mass m:
Mass m translation x = 16, so its velocity is ¥ = r6. Thus

T, = %m (10)2 = %mrzéz

e Total kinetic energy:

1 . 1 .
T = Tisc+Tm = ;Idisce2 +;m (re)z = _IdISCB + mr (IdISC + er)ez

Potential Energy (V):
¢ Elastic potential energy of the spring:
Spring elongation x = a6, sojits potential energy is:
PE=V = =—k (aBy? =—ka292
Energy Conservation:
Total mechanical energy’is constant: T + V = constant

Substitute F. and W

E=T+V == %Idiscéz + %mrzéz +%kaz€2 = %(Idisc +mr?)f? + %kazez

Differentiate the energy equation with respect to time.

dE _ d@4V)

= =0
dt dt

e " (Applying the Chain Rule to find the derivative of a composition of functions

dé? _ db?de
° —_— == 299)
dt do dt

(Lgisc + Mr?)86 + ka?66 = 0
For non-zero 6 (Z—f * 0):
Equation of Motion:
(Igisc + mr2)8 + ka?6 = 0
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Simple Harmonic Motion:

ka? ka?

T
EMr2+mr

ka? ka2
where: = |—— = |——— (N ral fr n
ere: @n 1disc+mr2’ Wn %MT2+mT2 ( atura eque CY)

Exercise 11 :

b+ ( )9=0=>é+( 2>9=0=>§+w,219=0

Idisc+mr2

L=T-V
The kinetic energy :
1
T = mez

-The potential energy :
1 1
V= Eklxz + Ekzyz

For small oscillations ( small angles 6), we have

. x_Y
0 ~ 0 =—==
sin b a
Soty =~
o-y—bx
1, 1 a | 1 a? A
V=§k1x +Ek2b—zx =>V=§ k1+b—2k2 X
IS a? "
L=§mx —5 k1+b—2k2 Ve

d(@L) (6L>_0
dt\ax) \ox)

dro /1 d
~ 1= (= .2 _ v — n
itz (7" )| = g 0n) = ms

Cdt

0 1 a? 5 a?

& _E k1+ﬁk2 X = — k1+ﬁk2 X
a2

2
(kl + Z—2k2>
=X+ x=0
m
With : e natural angular frequency
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