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Tutorial 1 Solutions 

 

Exercise 1: 

Determination of the angular frequency of the system: 

According to the fundamental relation of dynamics 

(The equation of motion from Newton's law is) 

        

The system at rest, thus in equilibrium, we have: 

                          

(tension     or  restoring force (      

                                        

                   
  

  
 

The Lagrangian :                 

kinetic energy of the system :      
 

 
     

Potential energy of the spring :      
 

 
    

      
 

 
     

 

 
    

The Lagrange equation: 
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Exercise 2: 

For a harmonic oscillator: 

                  

With A as the amplitude and the angular frequency     

  
  

 

 
 

 

                
 

 
    

 

 
     

 

 
    

 

 
   

    

   
   
   

  

         

 

Exercise 3: 

a) The mass m of the solid.  

             
 

 
,   

 

   
  

  
        

b) The amplitude of the motion..  

         
 

 
   

       

  
  

 

 
                       

c) The maximum velocity of the oscillator. 

                

                   

               

d) The elongation of the oscillator for which the potential energy is equal to half of the kinetic 

energy.  
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e) The components of velocity and acceleration at this point. 

                      

                      

 

                       

                        

 

Exercise 4: 

  
  

 

 
                                

The resulting motion is :                  

               
 

 
            

                                                            

                    

                         

   

   
 
        

     
         

  

 
        

  

  
 
  

 
    

                        

          
 

    
         

                                

The maximum acceleration:                       
            

Alors            
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Exercise 5: 

The equivalent stiffness constants  keq 

a) Springs in parallel : 

 

 

 

 

 

 

 

 

 

Springs 1 and 2 are subjected to tension or restoring forces      (      and       (      respectively, 

defined by: 

                                   

          

At equilibrium, we have:  

                      

After projection onto the axis of motion, we have: 

          

                        

                  

With           for the parallel system. 

b) Springs in series : 

Let l01, l02 and l0 be the unstressed lengths of springs 1, 2, and the equivalent spring, and Δ 

Δl1, Δl2 and Δl their respective elongations, as shown in the figure below 

 

 

 

 

 

 

At point A, the tensions are equal: 
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Where:               

           

At point B, at equilibrium, we have: 

 
        
          

  

According to equation (1), we find: 

    
  
  
     

      
  
  
          

  
  

       

        
  

     
    

By substituting this expression into the equilibrium equation, we obtain: 

      
  

     
     

    
     

    

                 
    

     
                             

        
 

   
 

 

  
 
 

  
 

Analogy with equivalent capacitances Ceq of capacitors: it is known that for capacitors in 

series 
 

   
  

 

  
  and for capacitors in parallel :         

The calculation of the equivalent capacitance in an electrical oscillator is analogous to the 

calculation of the equivalent stiffness in a mechanical oscillator. 

 

Exercise 6: 

Determination of k2 as a function of  k1 :           
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     The natural frequency 

 

-A second spring is added in series with the first spring  

               
 

 
    

According to the previous answer, we find the following differential equation: 

   
   
  

    

with                                      
  

   

  
     

   

  
 

The equivalent spring constant     in the series system is: 

     
    

     
 

    
 

    
     
  

 

            
 

 
     

  
 

 
  
  

 
    

     
 
 

  
 
 

 

  
  

 

           

        

    
 

 
   

Exercise 7 : 

The Lagrangian of the system: 

      

The kinetic energy of the system is given by: 
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We have :                                                              

   
                       

   
 

 
   

  
 

 
                        

    
 

 
     

 

 
                  

        

  
 

 
     

 

 
     

 

 
                  

  
 

 
         

 

 
                  

The potential energy of the system is: 
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Note: 

This system has two independent variables x and θ   a system with two degrees of freedom. 

To derive the differential equation, it will be necessary to apply the Lagrange equations for 

the two variables, that is: 

 

  
 
  

   
   

  

  
       

 

  
 
  

   
   

  

  
    

 

Exercise 8: 

Determination of the angular frequency of the oscillatory motion: 

      

The kinetic energy : 

                         

  
 

 
     

 

 
     

With   as the moment of inertia, 

                       
  

 
 

   
 

 
     

 

 
 
   

  
 

   
 

 
   

 

  
     

The potential energy : 

  
 

 
    

So     
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Exercise 9: 

Determination of the equation of motion: 

      

The kinetic energy : 

  
 

 
     

 

 
     

                       
  

 
 

So 

  
 

 
   

 

  
     

-The potential energy : 

  
 

 
    

-Lagrangian : 

  
 

 
   

 

  
     

 

 
    

So, the Lagrange equations are: 

 

 

  
 
  

   
   

  

  
    

 

  
 
 

   
 
 

 
   

 

  
       

 

  
    

 

  
        

 

  
    

 

  
  

 

 
         

Therefore, the differential equation of motion is written as: 

   
 

  
         



 

10 
 

   
 

   
 
  
 
    

                                      
 

 
  

  
 

The solution to the differential equation is of the form: 

                 

                                               

                                                              

                      

                 

              

     

              

       

Therefore, we can write the equation of motion as: 

                   

 

 
 
 

 

 
  

  
 

 

 
 
      

Exercise 10 : 

Both the Lagrangian and energy conservation methods are equally valid and must be accepted 

as correct solutions 

 

 

 

 

 

First method: Lagrangian Mechanics Analysis 

Generalized Coordinate: Angular displacement θ of the disc. 
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The kinetic energy of the system (T): 

 Rotational kinetic energy of the disc: 

                                             
 

 
       

                                                     

 Translational kinetic energy of the mass  : 

Mass m translation at        , so its velocity is         . Thus: 

                                 
 

 
         

 

 
                                           

 Total kinetic energy: 

                
 

 
       

  
 

 
         

 

 
       

  
 

 
                        

Potential Energy (V): 

 Elastic potential energy of the spring: 

Spring elongation at           , so its potential energy is: 

        
 

 
        

 

 
                                                         

 The Lagrangian is defined as: 

      

Substitute     and    

            
 

  
       

  
 

 
       

 

 
                                                   

     The Euler-Lagrange equation is: 

 
 

  
 
  

   
  

  

  
   

                         
  

   
:  

  

   
                                                                   

                        
 

  
 
  

   
 :  

 

  
 
  

   
                                                               

                       
  

  
:  

  

  
                                                                             

        Equation of Motion: 

                                                                                              

                 The equation of motion is:                                                
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 Simple Harmonic Motion: 

     
   

         
         

   

 

 
       

          
                            

where:     
   

         
,       

   

 

 
       

      (Natural frequency)                 

 

Second method: Energy Conservation 

The kinetic energy of the system (T): 

 Rotational kinetic energy of the disc: 

                                               
 

 
       

                                                                      

 Translational kinetic energy of the mass  : 

Mass m translation     , so its velocity is         . Thus: 

                                  
 

 
         

 

 
                                                                        

 Total kinetic energy: 

           
 

 
       

  
 

 
         

 

 
       

  
 

 
       

 

 
                                          

Potential Energy (V): 

 Elastic potential energy of the spring: 

Spring elongation      , so its potential energy is:        

        
 

 
        

 

 
                                                                              

Energy Conservation: 

Total mechanical energy is constant:                                                       

Substitute     and    

       
 

  
       

  
 

 
       

 

 
      

 

 
               

 

 
                                     

  Differentiate the energy equation with respect to time. 

 
  

  
 

      

  
                                                                                                     

  (Applying the Chain Rule to find the derivative of a composition of functions 

  
    

  
 

    

  

  

  
      )                                                                                               

                                                                                                                       

For non-zero     
  

  
   :                                                                                           

Equation of Motion: 
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 Simple Harmonic Motion: 

     
   

         
         

   

 

 
       

          
                                                  

where:      
   

         
,      

   

 

 
       

   (Natural frequency)                                            

 

Exercise 11 : 

      

The kinetic energy : 

  
 

 
     

-The potential energy : 

  
 

 
   

  
 

 
   

  

For small oscillations  ( small angles θ), we have 

       
 

 
 
 

 
 

     
 

 
  

  
 

 
   

  
 

 
  
  

  
     

 

 
    

  

  
    

  

  
 

 
     

 

 
    

  

  
    

  

 

  
 
  

   
   

  

  
    

 

  
 
 

   
 
 

 
       

 

  
          

 
 

  
  

 

 
    

  

  
    

         
  

  
     

        
  

  
       

    
    

  

  
   

 
    

                                                       
  

  
   

 
  natural angular frequency 

. 


